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Abstract

The nonrelativistic quantum scattering problem for a non-central potential
which belongs to a class of potentials exhibiting an ‘accidental’ degeneracy
is studied. We show that the scattering system under consideration admit the
Lie algebra so(5, 1) as the potential algebra. The scattering amplitude is then
evaluated using purely algebraic techniques to give the closed result. It is
expressed in terms of associated Legendre functions.

PACS numbers: 03.65.Nk, 02.20.—a

1. Introduction

The occurrence of ‘accidental’ degeneracy in the energy spectrum (i.e. a degeneracy of the
energy levels not connected with obvious geometric symmetries of the Hamiltonian) has caught
the attention of many physicists since the pioneering paper [1] appeared. Many examples of
potentials with accidental degeneracy in the energy spectrum are now known; the paper [2]
lists a variety of potentials leading to accidental degeneracy. It turns out that they possess
properties making them of special interest; for instance, all these potentials admit the separation
of variables in several coordinate systems and possess dynamical symmetries responsible for
separability of the Schrodinger equation. Moreover the ‘accidental’ degeneracy occurring in
these problems have been explained in terms of dynamical symmetries. The best known of
these potentials are Coulomb [1], oscillator [3] and Hartmann potentials [4]. The latter results
from adding a repulsive potential proportional to 1/r2 sin? § to the Coulomb one. It was first
studied by Hartmann to describe axial symmetric systems such as ring-shaped molecules.
The potentials classified in [2] involve potentials that may be written in spherical
coordinates as f (6, ¢)/r> + V(r), where f(6, ) are certain functions of 6 and ¢. They
are exactly solvable if V() are Coulomb, harmonic oscillator or null potentials. (By exactly
solvable, one means those Hamiltonians for which the spectrum, eigenfunctions and the
scattering matrices can be found explicitly.) This has been treated using a path integral
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approach [5—12], supersymmetric quantum mechanics [13, 14], a group theoretical approach
[15-27], as well as, the standard approach [4, 28—32]. Apart from their beautiful mathematical
structure, these solvable potentials provide excellent models in quantum chemistry and nuclear
physics for describing ring-shaped molecules and deformed nuclei. What is still lacking is an
explicit description of scattering problems for these non-central potentials. Despite several
attempts at the problem [16, 12, 31], at present, the potential a/r +c/r*(1 — cos ) is the only
example of a scattering amplitude which has been calculated [16]. However, in this study, the
authors restrict themselves to the case when the incident wave is along the z-axis.

In [33], we proposed a way which allows pure algebraic calculation of S-matrices for the
systems whose Hamiltonians are related to the Casimir operators C; of some Lie group G

H = f(Ci) (D

or
H = f(Cils, @

where §) is some subspace of carrier space and | denotes the restriction to §). (In the later
case the group G describes fixed energy states of a family of quantum systems with different
potential strength and therefore is called the ‘potential’ group [34].) Namely, the S-matrices
for the systems under consideration are associated with intertwining operators A between
Weyl equivalent representations U* and U*X of G

S=A 3)
or
S=Alg 4

respectively. (The representations U and UX have the same Casimir eigenvalues. Such
representations are called Weyl equivalent.) At this stage we note that the operator A is said
to intertwine the representations U* and U” of the group G if relation

AU*(g) = U*(g)A forall geG (5)
or
AdU*(b) = dU* (b)A forall beg (6)

holds, where dU* and dU* are the corresponding representations of the algebra g of G.
Equations (5) and (6) have much restriction power, determining the intertwining operator
up to a constant. Therefore, one can evaluate the S-matrix without writing wavefunctions.
Such approaches were applied to various classes of solvable potentials [35—40]. Among the
class of problems which could be treated using the technique discussed above, there are the
well-known Coulomb and MICZ-Kepler [41, 42] problems (see [39]).

Here we provide an algebraic approach to the scattering problem for the non-spherically
symmetric potentials

+1
Vx) = r +a§80 s+ 1)
r

)

r2sin? 6 sin? ¢
which appears among the potentials classified in [2]. Here r, 6, ¢ are spherical coordinates,
and ag and ¢, stand for the Bohr radius and the ground-state energy of the hydrogen atom,
respectively. We show that the potentials (7) admit the Lie algebra so(5, 1) as the potential
algebra

}/2

= xced),
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where C is the second-order Casimir operator of s0(5, 1), while ), is a subspace occurring in
the subalgebra reduction so(5, 1) D s0(5) D --- D s0(2).

This paper could be considered as a natural continuation of the study started in [27], where
bound-state problems for such potentials were presented. It should be noted that the strength
of the non-central part in that paper was proportional to n> — 1/4,n = 0, 1,2, ..., while in
the present paper it is proportional to s(s + 1), s = 0, 1,2, ... . That is why we come to the
algebra s0(5, 1) instead of s0(4, 1). (The parameter s(s + 1) makes it possible to obtain from
(7) the Coulomb potential.)

2. s0(5,1) as a potential algebra

To describe the matter, we require some notation. By SO(5, 1) we denote the connected
component of the group of linear transformations of a six-dimensional Minkowskian space
R>! preserving the bilinear form

[, n] =&+ +E&sns — &ene. ®)

Let {g, (@)} (u < v; u,v = 1,2,...,6) be the one-parameter subgroups of SO(35, 1)
consisting of rotations or pseudo-rotations in the &,—£, planes. Then the matrices

d
Ay = @guv(e) &)
form a basis of Lie algebra so(5, 1) with commutation relations
laij, au] = Sixaji + §j1ai — diajx — djxay,
[ai67aj6]=aij1 ivjzla"-757 (10)
[aij, axs) = dirajs — 8jrais.
The generators a;; (1 <i < j < 5) form a Lie algebra so(5) of SO(5).

It is well known that the principal most-degenerate (or, class 1) unitary irreducible
representation (UIR) of so(5, 1) can be realized (see, e.g., [43] and references therein) in the
Hilbert space $) spanned by scattering states of the Coulomb Hamiltonian /% in five dimensions,
where

2

h=t_Y y =0 (11)
2 r

with x = (x1, x2,...,x5), p = (p1, p2, ..., ps) and

> 9

2 2 . .

re= X7, g = —1—, i=1,2,...,5. 12
; P o (12)

(We are using units with M =% = 1.) As a prelude to this realization one introduces angular
momentum and Runge—Lenz operators given by

Lij =xipj —x;pi, (13)

1 VX
Ai = 5(Lijpj+pjLij) = —. (14)

These operators satisfy the following commutation relations:

[Lij, Lyl =1k Lj; + 81 Lix — i L jx — 8xLir), (15)
[Lij, Akl =18 Aj — §jiAi), (16)
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[A;, Aj] = =2ihL;j, (17)
[Lij, h] =[A;, h] =0. (18)
Defining now operators
1\ 12
L,’ =—-L i =\ A,‘, 19
6 6 (2h> (19)
which are well defined in §) we obtain for Lyg, o, B =1, 2, ..., 6 the commutation relations
of the Lie algebra so(5, 1)
[Lij, Ll =1 Lj; + 81 Lix — iy L jx — 8jxLir), (20)
[Lis, Lj6]l = —iL;;, (21)
[Lij, L] =1(8ixLjs — 8jxLis)- (22)

Thus the most-degenerate UIR of so(5, 1) is realized in the Hilbert space ) of the scattering
wavefunctions ® (x) corresponding to the fixed energy subspace, with inner product

(@1, Do)y = f O (x)Pa(x) dx, (23)
RS

where d°x = dx;dx,---dxs. In this realization, the representation operators are given by
equations (13) and (14). If we compute the second-order Casimir operator

C=>Li-> L} (24)

i<j
for this realization, it becomes
2
C=—-4-——. 25
7 (25)

We are looking for the chain so0(5,1) D s0(5) D --- D s50(2). According to this the
reduction conditions are

C*° |Amsk) = A(h +3) |msk) , 2o
C*° [amsk) = m(m +2) |msk) , 7
C*° |amsk) = s(s + 1) |Amsk) , (28)
Lo |Amsk) = k |Amsk) , @
where
1< Iy Ly
0500 _ ! Z L2 5@ _ 5 Z L, 500 _ 3 Z L} (30)
= =1 b=
The parametrization that we seek for xj,x,...,xs must be such as to make

C*°® Cso@ 2°®) and L, particularly simple. We define them as follows
X1 = rsinf sin ¢ sin« sin B,
X, = rsinf sin g sinw cos B,
X3 = r sinf cos ¢ cos «,
X4 = rsinf cos ¢,

X5 = rcosf
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withO < @, 0,9 < 7,0 < B < 27 and

d>x = r*sin’ 0 sin? ¢ sin o dr d6 dg do dB. 3D
Then
1 1 9 d 1 d d
Y= — —sint—+ —— [ ———sin*p— + ————— —sinfa—
sin® 6 90 90  sin?6 \sin?¢ d¢ dep sin?gsin?a da da
1 92
t——75 |
sin? ¢ sin? a 982
1 0 d 1 ad ad 1 92
W= ———sinfp—+————sina—+ ——-—— |,
sinZ ¢ dg dp  sin?0 sina da da  sin?@ sin? o 982
1 0 ad 1 92 ad
% = - — —sina— + — — and Lip=i—,
sino da da  sin? 9p2 0B
while
2 10 d 1 2
A S L O Nl (32)
(C+4) r*or or r? r

At this stage we note that, in general, one can use for the construction of the principal
most-degenerate UIR of so(5, 1) the carrier space with any quasi-invariant measure du(x)
on R>. The representations with different measure are unitarily equivalent. Although the
representations with different measure are equivalent from the mathematical viewpoint, they
may be related to different physical problems (see below).

It is clear that we must construct the representation in the Hilbert space §)’, with inner
product

(@] )5 = [ 0@ duto). (33)
R;
where
du(x) = r?sinf sino dr d de do dB. (34)

This representation, of course, is unitarily equivalent to the representation constructed in §J .
The unitary mapping W which realizes the equivalence is given by

W:®— & = (rsinfsing) o . (35)
where o denotes composition of operators. In this case, the generators, denoted as
L(’w,a, B=1,2,...,6,are given by

L,z = (rsinfsing) o Leg o (rsin6 sing) L.

That is, for the representation constructed in $)’ the Casimir operator, call it C’, is obtained by

C’ = (rsinfsing) o C o (rsin@ sing)~". (36)
Hence
y? 2 20 1 (3> cosf d 1 92
(C/+4):W+7a_r+r_2<872+ﬁﬁ+ma_w>

1 1 9 0 1 9 2y

+ - - —— —sinoe— + — — |+ —. 37
rZsin?0sin? ¢ \ sina da da  sin2a 0B r

Let $; be a subspace spanned by |Amsk) with fixed s and k. Then the operator (37)

restricted to §); becomes a differential operator in r, 0, ¢; it is found that
y? 2 29 1 [93> cosf d 1 3 s(s+1) 2y
=—+t-——+—=|—=+——+—— —

(C"+4) |y 9r2 rdr r2\2302 sinf 30  sin?6 dp?

C 2sin2@sing 1
(38)



7302 G A Kerimov

Hence the Hamiltonian

H——lVZ—Z+ s(s+1)

— 5 =0,1,2,... 39
2 r o 2rtsin?0sin @ N (39)

is related to so(5, 1) in the sense that the following relation holds

y2
H=-——"—| . (40)
20C +4) |,

As was mentioned before representations with different measure may be related to different
physical problems. We see that the principal most-degenerate UIR of so(5, 1) realized in the
Hilbert space $)’ with the measure (34) provide descriptions of scattering states for Hamiltonian
(39), whereas Coulomb scattering in five dimensions is described by the principal most-
degenerate UIR of s0(5, 1) realized in the Hilbert space §) with the measure (31). These
results also establish a correspondence between Coulomb problem in five dimensions and the
problem governed by Hamiltonian (39) in three dimensions. So, the scattering amplitude for
(39) can also be obtained from the Coulomb amplitude.

The operators commuting with H are

Z‘\é:L2+ S(S+1) (41)
sin? 6 sin? ¢
and
~ 2 s(s+1) _
Lz - Lz + sinz @ (42)

They are responsible for separability of H in the spherical coordinates. Moreover, it is not
difficult to see that L2 and L? are related to C'* °) and C"*°® in the sense that

17 — C/50(5)|5§x9 I:é — C/50(4)|jﬁx (43)
where

C*°®) = (sinf sing) o C*°® o (sinf sing) !,
C*°® = (sinf sinp) o C*°@ o (sinO singp) .

According to this the angular part )),,,s (0, ¢) of wavefunctions is given by

3
Vims (0. 9) = x sin™! g sin™! o217 (cos 0)Ch  (cos ), (44)
with the normalization constant

212m25 (3 ) (m — ) (s1)2T2 (% + m) (B+2)0)(2+2m)

2 _
00” = 2O+m+2)(m+s+ 1)

(45)

Here C(t) are the Gegenbauer polynomials [44].

Observe that the angle-function ),,,(6, ¢) depend on the details of the dynamics. This
is a result of very general properties, shared by all non-central Hamiltonians. It is also worth
noting that the functions );,,s (0, ¢) are related to matrix elements of class 1 representations
of 50(5) [45] in the bases corresponding to s0(5) D s0(4) D --- D s0(2) reduction (see
section 3).
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3. Calculation of the S matrix

Once the group structure of the Schrodinger equation with potential (7) has been recognized,
the associated S-matrix can be computed by using equation (4). This requires the use of
matrices which intertwine Weyl-equivalent representations of SO (5, 1) or so(5, 1) in the
bases corresponding to SO (5, 1) D SO(5) D --- D SO(2) reduction. We find it expedient to
use, for this purpose, equation (5). By realizing the principal series of SO(5, 1) on suitable
Hilbert spaces of some functions we can derive from equation (5) the functional relations for
the kernel of A which allow us to obtain an integral representation for the matrix elements
of A.

We shall start with the most degenerate principal series representations of SO(5, 1)
associated with the cone [45]. These representations can be realized in the space of
infinitely differentiable functions f(§) on the upper sheet of the five-dimensional cone

£+ +&F — &2 = 0 (& > 0) that are homogeneous of degree 0 = —2 +ip
fa&) =a’ (&), a>0. (46)
In this realization the group operators U (g) are given by
U@ fE) = fg7'6). (47)

The different choices of the coordinate system on the cone can lead to different subgroup
reductions of SO (5, 1). The spherical coordinate system corresponding to the subgroup
reduction SO(5,1) D SO(5) D --- D SO(2) is given by

§ = wi, ¢ =(n1), (48)
where o = &g,

n; = sin @, sin 65 sin 6, sin 6,

n, = sin @y sin 63 sin 6, cos Oy,

n3 = sin @, sin 65 cos 6,

ng4 = sin 6, cos 63,

ns = COS by,
and

dn = sin® 6, sin® 65 sin 6, d6, d6; d6, d6; . (49)

From equation (46) it follows that the homogeneous function is defined uniquely by its

values on the four-dimensional sphere S*. Consequently, the most degenerate principal series
representations of SO (5, 1) can be realized on L£(SY)

Us(g) f(n) = (w,)° f(ny), (50)
where w, and n, are defined from

g7 = wyt,, 1)
where ¢ = (n, 1) and {, = (ng, 1). The operator A defined by

Af(n) = /IC(n,n’)f(n’) dn’ (52)
intertwines representations o and —4 — o, i.e.

AU (g) =U_4()A (53)

if
K(ng, nl) = (0,)* (@})** " K(n, n'). (54)
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In deriving equation (54), we have used the relation

dn, = (w,) " dn. (55)
The kernel, /C, is uniquely determined by equation (54) up to a constant and is given by
Kmn,n)=nl—n-n")*7. (56)
The verification of equation (56) is based on the relation
L—ng-nly=(w) (@) ' A —n-n), (57)
which obviously is a consequence of the relation
(7' g7 1=1¢.¢'1. (58)
For the scattering systems under consideration we put
I
With this factor the operator A becomes unitary foro = —2+ip (see equation (63)). Moreover,

for y < 0 (i.e. for an attractive Coulomb potential) it produces poles which correspond to
bound states (see equation (68)).
Taking into account the fact that 4-dimensional spherical harmonics of degree X, Y x [45]

2
Y,k(n) = %eik391 1_[ C]’:;:‘]:’S*J)/Z(COS 9471‘) SiIlkM 947/‘, (59)
Jj=0
with
G = 1 2 22Kt =0 (ke — k)3 — j + 2@)1*(% + ki)
o =0 al(kj+kj+3—))

forms bases in £,(S%), corresponding to SO(5,1) D SO(5) D --- D SO(2) reduction, we
have the following integral representation for the matrix elements of A

(MK'|A|LK) = /IC(n,n’)YxK(n’)Yf,K/(n)dn dn’, (60)

where A = ko > ki > k» > |ks| and the symbol K denotes the sequence (ki, ko, k3). The
numbers k; are all integers.
By using the expansion

oo
(I=n-n)270=>"b,C(nn), (61)
v=0
where
I2v+3) [7 »
b, = Mf (1 — cos8) "2 C3/(cos ) sin’ 0 6
2rG+v) J,
1 DDV +3) TQ+ip+v) )
re+ip) T'@2—-ip+v)
we have
(MK'|AILK) = A8, 8k (63)
with
r2+ip+a
A, — 2+ip+2)

T TR—-ip+r)’
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In arriving at equation (63) we have used the addition formula

82
C)P(n-n) = Yok ()Y (1 64
2 n) 2”3; k(WY () (64)
and the orthogonality relation
/ AnY g ()Y (1) = By (65)

Once the matrix elements of A have been obtained the S-matrix can be computed by using
of equation (4). According to (63) we have

SO.9:0.¢) =Y A Vim0, 9) V5, (0, 0. (66)

Am

Then the partial wave expansion of the scattering amplitude f (6, ¢; 6', ¢’) is defined by [46]
., 2
f@.9:6.¢) =T D (s = DVins (0. 9) V5, (0, ). (67)
Am

Since
D Vims O, )V, (6, ¢) = 8(cos 6 — cos 015 (¢ — @)
Am

we can omit unity in the bracket in (67) when 6 # 6', ¢ # ¢', leaving

/ / ZJT ! /

f@.9:6'.¢) =T D AV 0, )V, 0, 0). (68)

Am
The sum in (68) may be evaluated as follows. We start with the formula

n(l—n-n)270 =" A Yk ()Y () (69)

AK
with
Yik (n) = (sin 6y sin03) "' Vig , 0, 03) Yik, (62, 61) (70)

where Yj,k, (62, 61) is ordinary (2-dimensional) spherical harmonics of degree k. Putting
05 = 6; = 0 and using

2k +1\'?
47 ’

2k2+1

12
Y 15(0,0) = 64,0 ( Yi0(02,01) = ( ) Py, (cos 0)

we get

n[1 — sin By sin 6, sin 05 sin 05 cos O, — sin b sin B cos O3 cos 5 — cos O4 cos A

2kr + 1 1
= A 04,0 0,, 05
47 sin By sin 6] sin 05 sin 6} % Vit O, 63) Vot 03, 63)
1K2

X Py, (cos 02), (71)

where Py are Legendre polynomials. We multiply both sides of (71) by Pi(cos 6,) sin6, and
integrate with respect to 6, from 0 to 7r. Taking into consideration the orthogonality relations
for Legendre polynomials we obtain an integral representation for sum in (68). Hence, the
following integral representation for the scattering amplitude holds

2 T .
f0,0;0,¢9) = .—nnb/ (a —bcosa) > Py(cos ) sina do (72)
1p 0
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where
a=1—sin@sinf cos g cos @ — cosdcosh’ (73)
and
b =sin@sinf’ singsing’. (74)
We shall now ascertain the connection of the amplitude (72) with the associated Legendre
functions. Putting

a b
coshd = ——, sinh§ = ——— (75)
e N
we have
2 2 +ip ” .
f0, 00, ¢) = (,L)nbmz P / (cosh & — sinh § cos o) 27
1p 0
X Pg(cosa) sin o dor. (76)
On comparing this formula with formula 10.3.7(1) of [45], we obtain
., (2m)3"? 2 s _2zio (L +ip) 1 1y
@, 9;0",¢") = — nbla® — b*|” 2 . P 2 (coshd). 77)
1@0:0.00 =" T(—1—ip—s) Jsinhs 3%
It is known that PvjE *+1/2) 5h case k = 0,1, 2, ... reduce to a finite number of terms [47].

In particular we have

/2 . 2
P = (%) (; " ;) e+ @ = DA [+ @ = D'

Therefore .
0,910 ) = LUyt gy 78)
ip I'(—ip)
when s = 0, where
at+b=1-—sinOsinf cos(p £ ¢') — cosO cosd’
(also see the appendix).
We see that the amplitude (77) does not reduce to the Coulomb amplitude [48]
o 21p F(l +1:0) . . / ’ r1—1-i
Jeou(@, 930", ¢') = — —————[1 —sinO sin 6 cos(¢p — ¢’) — cosO cos '] ° (79)
ip I'(—ip)
when s is set equal to zero. The reason for this discrepancy lies in the fact that the
Schrodinger equation with the potential (7) is supplemented with the boundary condition
on the wavefunction at ¢ = 7.
To make this point more precise we reexamine the angular part of the wavefunction for
s = 0; using equation

i + 1
Crln (cos @) = M
sin ¢
we find from (44) that
é m .
Vim0 (0, @) = xosin™ 0C2"" (cos 6) sin(m + 1) (80)

with

22422 (m + 3/2) (A — m)!
T2 +m+2)!

Thus when s = 0, the angular part of the wavefunction is

1
Vim0 (0, 9) = Y[Y)\,+],m+l(09 ©) = Yortme1(60, —9)]

where we have used the well-known relation between Legendre and Gegenbauer functions.
Hence, instead of the expression (79) for the scattering amplitude, we have (78).

(x0)* = (3+2) (81)
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Appendix. An alternative proof for (78)

In this appendix, we give a direct calculation of the scattering amplitude ( 68) for s = 0

2 34m . , m
FO.0:0.0) = =" Ay(x0)?sin"! 0C; " (cos 0) sin™! 6'C (cos 0)
p rm
x sin(m + 1)@ sin(m + 1)¢’, (A.1)

where x is given by (81). The summation over m can be performed as follows. We start with
the formula 9.4.2(3) of [45]

l

rev-—-1 22T 2w+ )l — ) Qu +2v — 1
Cl(cos @) = 2" )Z Wl = t@u +2v )sinﬂec,”j“(cose)
[T(v)]? = '+ up+2v) ®
x sin 6'C)"1! (cos 6')C}y /% (cos ¢) (A.2)
where cos Q =.cos 6 cos 6’ + sin 6 sin 6’ cos ¢. If we take the limit for v — 1/2 and use
2
lim I'(p)C/ (cos §) = cos ng
p—

we get the equality

I

2 22T 2+ ) — p)!
) leos ==Y A2+ T =IO G g 240 (cos 6)
T rd+up+1) w

n=0
x sin* G’Cll_/?:” (cos0') cos jue. (A.3)

Further, putting m + 1 = pand A + 1 = [ in (A.1) and taking into account formula (A.3), we
find from (A.1) that

1 Fl+ip+1)
0,00 ,¢) = — 2+ ——F 2
[0, 9:60',¢) 2ip;< +1)

Fi=ipih) [C/%(cos 2-) — €% (cos 2,)] (A.4)

where cos Q1 =.cos0 cos 6’ + sin 6 sin 6’ cos cos(¢ £ ¢').
If we use the relation

LAxip+D ciny gen TAI0) o1y
21:(2[+1)1“(1—i,a+l)cz () =2" (—ip) = 4

in equation (A.4), we get the result obtained above (78).
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